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Available online ▪ ▪ ▪AbstractThe interaction of focused wave groups with a vertical wall is investigated based on the second order potential theory. The NewWave theory,
which represents the most probable surface elevation under a large crest, is adopted. The analytical solutions of the surface elevation, velocity
potential and wave force exerted on the vertical wall are derived, up to the second order. Then, a parametric study is made on the interaction
between nonlinear focused wave groups and a vertical wall by considering the effects of angles of incidence, wave steepness, focal positions,
water depth, frequency bandwidth and the peak lifting factor. Results show that the wave force on the vertical wall for obliquely-incident wave
groups is larger than that for normally-incident waves. The normalized peak crest of wave forces reduces with the increase of wave steepness.
With the increase of the distance of focal positions from the vertical wall, the peak crest of surface elevation, although fluctuates, decreases
gradually. Both the normalized peak crest and adjacent crest and trough of wave forces become larger for shallower water depth. For focused
wave groups reflected by a vertical wall, the frequency bandwidth has little effects on the peak crest of wave elevation or forces, but the adjacent
crest and trough become smaller for larger frequency bandwidth. There is no significant change of the peak crest and adjacent trough of surface
elevation and wave forces for variation of the peak lifting factor. However, the adjacent crest increases with the increase of the peak lifting factor.
Copyright © 2016 Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open access article under the
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Keywords: Second order; Focused wave groups; NewWave; Vertical wall; Interaction1. Introduction
The interaction of sea waves with a vertical wall is a classic
problem in coastal engineering. With the assumption of full
reflection, such an interaction leads to the formation of
standing waves. Traditionally, the random sea environment is
usually simplified as a deterministic, monochromatic and pe-
riodic regular waves with the height and period assumed to
correspond to the extreme sea conditions. As a result, early
studies on the interaction of waves with a vertical wall (or
equivalently standing waves) focused on periodic regular
waves. Rayleigh (1915) gave a third order solution of two* Corresponding author.
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license (http://creativecommons.org/licenses/by-nc-nd/4.0/).dimensional standing waves in infinite water depth, which was
further extended to the fifth order by Penney and Price (1952).
Standing waves in finite water depth was investigated by
Tadjbakhsh and Keller (1960), up to the third order, and
extended to the fourth order by Goda (1967). Accompanied by
numerical approaches, some experimental work was also
carried out by researchers to either validate the numerical
methods or provide a deeper understanding of both kinematic
and dynamic properties of standing waves (Taylor, 1953;
Fultz, 1962; Edge and Walters, 1964).
However, the regular wave representation of a random sea
state is unrealistic, especially for extreme events emerging in
the random process. In a stationary Gaussian random wave
field, the statistically averaged wave profile under a crest is
represented by NewWave theory (Tromans et al., 1991) or
equivalently by Quasi-Determinism (QD) theory (Boccotti,solution of focused wave group interacting with a vertical wall, International
.1016/j.ijnaoe.2016.09.002
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specified position and time through the superposition of
relatively small amplitude waves of different frequencies (i.e.
focused wave groups). These wave theories include much of
the spectral properties of the sea state and in the meanwhile
they are time saving compared with traditional time domain
simulation of random irregular waves. By using the second
order Stokes expansion given by Sharma and Dean (1981) and
Dalzell (1999), the NewWave theory or QD theory was
extended to the second order for focused wave groups in
undisturbed wave field (Walker et al., 2004; Arena, 2005;
Fedele and Arena, 2005; Arena et al., 2008). Experimental
research was also conducted by researchers to investigate the
kinematics and energy transfer during the evolution of
focused wave groups (Baldock and Swan, 1996; Sriram et al.,
2015).
With the development of these wave theories, the interac-
tion of focused wave groups with a vertical wall was further
investigated by researchers. Boccotti (1997b) applied the QD
theory to derive the first order analytic solution for the case of
both long-crested and short-crested waves in front of a wall.
The results was validated by a small-scale field experiment
(Boccotti et al., 1993). Prabhakar and Sundar (2001) investi-
gated the pressure exerted by standing waves on a vertical
wall. Romolo and Arena (2008) gave an analytical solution for
the second order free surface displacement and velocity po-
tential when a high crest of long-crested (two-dimensional)
waves occurs at some fixed point on or close to a vertical wall.
With the analytical solution, the space and time evolution and
the effects of finite water depth on the evolution were dis-
cussed in detail. This work was extended by Romolo and
Arena (2013) and Romolo et al. (2014) to short-crested
(three dimensional) wave groups in front a vertical wall. The
second order analytical solutions mentioned above (for both
two and three dimensional wave groups, Romolo and Arena,
2008; Romolo and Arena, 2013; Romolo et al., 2014) actu-
ally gave the averaged wave profile under a large crest of the
underlying standing wave field (First a standing wave field is
formed and then the QD theory is used to obtain the averaged
wave profile under a large crest in the standing wave field).
The problem (the interaction of focused wave groups with a
vertical wall) may also be investigated from a different point
of view. First, an undisturbed focused wave group focuses at a
given position at a given time (i.e. a large crest occurs at this
undisturbed wave field). Then the focused wave groups meet a
vertical wall and are fully reflected.
In the present paper, the interaction of nonlinear focused
wave groups with a vertical wall is investigated based on the
second order potential theory. NewWave theory, correct to
second order, is adopted in this study. Analytical solutions of
both surface elevation and velocity potential, as well as wave
forces exerted on the vertical wall are derived. Then a para-
metric study is made on the surface elevation and wave forces
by considering the effects of angle of incidence, wave steep-
ness, focal position, water depth, frequency bandwidth and
peak lifting factor.Please cite this article in press as: Sun, Y., Zhang, X., A second order analytical
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A sketch of the fluid domain where waves interact with a
vertical wall is shown in Fig. 1. The water depth for the fluid
domain is denoted as h. An x, y, z Cartesian coordinate system
(satisfying the right hand rule) is applied to define the loca-
tions, with the origin located on the undisturbed equilibrium
surface. The z coordinate is vertical and positive upwards. In
the horizontal xy plane, the x axis is pointed normally toward
the vertical wall and the y coordinate is parallel to the vertical
wall. The fluid is assumed to be inviscid and incompressible.
The fluid motion is assumed to be irrotational. Based on the
assumption, the velocity field, u!; can be defined by a potential
function, f, i.e. u!¼ Vf, which satisfies
V2f¼ 0 ð1Þ
in the fluid domain. And at the bottom of the fluid domain, the
velocity potential satisfies the condition as follows,
vf
vz
¼ 0 on z¼h ð2Þ
The dynamic boundary condition on the free surface is:
ghþ vf
vt
þ 1
2
"
vf
vx
2
þ

vf
vy
2
þ

vf
vz
2#
¼ 0 on z¼ h
ð3Þ
with the assumption of zero atmospheric pressure on the free
surface. And the kinematic boundary condition on the free
surface is given as follows,
vh
vt
 vf
vz
þ vf
vx
vh
vx
þ vf
vy
vh
vy
¼ 0 on z¼ h ð4Þ
It can be found from Eq. (3) and Eq. (4) that the unknown
velocity potential is defined on the unknown free surface. In
order to solve the problem, the technique of Taylor series
expansion (Newman, 1977) is used to expand both the kine-
matic and dynamic boundary conditions on the equilibrium
free surface z ¼ 0, up to pre-determined order. As a result, the
approximate dynamic and kinematic free surface boundary
conditions to be satisfied, correct to second order, are given as
follows,
ghþvf
vt
þh v
2f
vzvt
þ1
2
"
vf
vx
2
þ

vf
vy
2
þ

vf
vz
2#
¼0 on z¼0
ð5Þ
vh
vt


vf
vz
þ hv
2f
vz2

þ vf
vx
vh
vx
þ vf
vy
vh
vy
¼ 0 on z¼ 0 ð6Þ
Also the velocity potential needs to satisfy the boundary
condition at the vertical wall, i.e.
vf
vx
¼ 0 on x¼ x1 ð7Þsolution of focused wave group interacting with a vertical wall, International
.1016/j.ijnaoe.2016.09.002
Fig. 1. A sketch of the fluid domain where waves interact with a vertical wall: (a) front view; (b) top view.
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+ MODELEqs. (1), (2) and (5)e(7) are the governing equations for
nonlinear waves interacting with a vertical wall, correct to
second order.
3. Derivation of relevant expressions
First, we consider about second order waveewave inter-
action without the vertical wall in the fluid domain. According
to Sharma and Dean (1981) or Dalzell (1999), the solution to
second order interactions between two linear waves is given as
follows,
h¼
X2
i¼1
ai cosjiþ a1a2Bþ12 cosðj1þj2Þ
þ a1a2B12 cosðj1j2Þ
þ
X2
i¼1
a2i
 k!i
4 tanh
 k!ih
 
2þ 3
sinh2
 k!ih
!
cosð2jiÞ

X2
i¼1
a2i
 k!i
2 sinh

2
 k!ih
ð8Þ
f¼
X2
i¼1
ai
g
ui
cosh
 k!iðzþ hÞ
cosh
 k!ih sin ji
þ
X2
i¼1
a2i
3
8
ui
cosh

2
 k!iðzþ hÞ
sinh4
 k!ih sinð2jiÞ
þ a1a2Aþ12
cosh
 k!1þ k!2ðzþ hÞ
cosh
 k!1þ k!2h sinðj1þj2Þ
þ a1a2A12
cosh
 k!1 k!2ðzþ hÞ
cosh
 k!1 k!2h sinðj1j2Þ ð9Þ
where g is the acceleration of gravity, h is the water depth, ai,
ui and k
!
i are, respectively, the amplitude, circular frequency
and the vector wave number of the ith (i ¼ 1, 2) wave
component. ji ¼ k
!
i$X
! uit þ εi is the phase function of the
ith wave component, with X
!
being the position vector in the
xy plane and εi denoting an arbitrary constant phase.Please cite this article in press as: Sun, Y., Zhang, X., A second order analytical
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
ij , B
þ
ij , B

ij ,
Dþij and D

ij are defined as
Aþ12 ¼
u1u2ðu1þu2Þ
Dþ12
 
1 cosðm1 m2Þ
tanh
 k!1htanh k!2h
!
þ 1
2Dþ12
 
u31
sinh2
 k!1hþ
u32
sinh2
 k!2h
!
ð10Þ
A12 ¼
u1u2ðu1 u2Þ
D12
 
1þ cosðm1 m2Þ
tanh
 k!1htanh k!2h
!
þ 1
2D12
 
u31
sinh2
 k!1h
u32
sinh2
 k!2h
!
ð11Þ
Bþ12 ¼
u21þu22
2g
u1u2
2g
 
1 cosðm1  m2Þ
tanh
 k!1htanh k!2h
!
 ðu1þu2Þ
2 þ g k!1þ k!2tanh k!1þ k!2h
Dþ12
þu1þu2
2gDþ12
 
u31
sinh2
 k!1hþ
u32
sinh2
 k!2h
!
ð12Þ
B12 ¼
u21þu22
2g
þu1u2
2g
 
1þ cosðm1  m2Þ
tanh
 k!1htanh k!2h
!
 ðu1u2Þ
2 þ g k!1 k!2tanh k!1 k!2h
D12
þu1u2
2gD12
 
u31
sinh2
 k!1h
u32
sinh2
 k!2h
!
ð13Þ
Dþ12 ¼ ðu1 þu2Þ2 g
 k!1þ k!2tanh k!1þ k!2h ð14Þsolution of focused wave group interacting with a vertical wall, International
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 k!1 k!2tanh k!1 k!2h ð15Þ
where, miði ¼ 1; 2Þ is the direction of propagation in the hor-
izontal xy plane for the ith wave component. mi is measured
positive in the counterclockwise direction looking down,
which is in accordance with the right-hand rule.
Subsequently, we consider that the wave groups consisting
of two incident linear waves interacts with a vertical wall. For
the case that the wave groups consisting of two regular waves
are fully reflected, the vertical wall behaves like a mirror.
Therefore, the total wave field after the interaction of wave
groups with a vertical wall is equivalent to that of wave groups
composed of two incident regular waves and two mirrored
regular waves, as shown in Fig. 2. This means that for the
reflection problem, there are four regular wave components
that interact with one another. And the incident and mirrored
wave components satisfy the following equation,
ui ¼ u0i;
 k!i¼  k!0i; miþ m0i ¼ p ð16Þ
where, u0i; k
!0
i and m
0
i (i ¼ 1, 2) are, respectively, the circular
frequency, wave number and propagating direction for the
mirrored (or reflected) wave components.
The phase functions for the incident and mirrored wave
components are as follows,
ji ¼ k
!
i$X
!uitþ εi
j0i ¼ k
!0
i$

X
! 2X!1
uitþ εi
	
ð17Þ
where, X
!
1 ¼ ðx1; 0Þ.Fig. 2. Equivalence of the wave field between wave groups of two regular waves re
mirrored regular waves: (a) front view; (b) top view.
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Sharma and Dean (1981) or Dalzell (1999) can be extended to
the total wave field, hT , after reflection by a vertical wall,
hT ¼
X2
i¼1

ai cos jiþ a0i cos j0i
þ a1a01Bþ011 cosj1þj01
þ a2a02Bþ022 cos

j2þj02
þ a1a2Bþ12 cosðj1þj2Þ
þ a01a02Bþ
00
12 cos

j01þj02
þ a1a02Bþ012 cosj1 þj02
þ a01a2Bþ021 cos

j01þj2
þ a1a01B011 cosj1j01
þ a2a02B022 cos

j2j02
þ a1a2B12 cosðj1j2Þ
þ a01a02B
00
12 cos

j01j02
þ a1a02B012 cosj1 j02
þ a01a2B021 cos

j01j2

þ
X2
i¼1
8<
: a
2
i
 k!i
4 tanh
 k!ih
 
2þ 3
sinh2
 k!ih
!
cosð2jiÞ
þ
a02i
 k!0i
4 tanh

 k!0ih
0
@2þ 3
sinh2

 k!0ih
1
Acos2j0i
9=
;

X2
i¼1
0
@ a2i  k!i
2 sinh

2
 k!ihþ
a02i
 k!0i
2 sinh


2
 k!0ih
1
A
ð18Þ
where, Bþ0ij and B
0
ij (i ¼ 1, 2; j ¼ 1, 2) indicate the interaction
term for the ith incident wave component and jth mirrored
wave component. Bþ12 and B

12 are the interaction term for the
two incident wave components. Bþ
00
12 and B
00
12 are the interac-
tion term for two mirrored (or reflected) wave components.
These interaction terms are calculated by substituting theflected by a vertical wall and wave groups consisting of two incident and two
solution of focused wave group interacting with a vertical wall, International
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incidence into Eqs. (12) and (13).
If we denote 3 and 4 as the mirrored wave component
corresponding to the first and second incident wave compo-
nent, respectively, i.e. u3 ¼ u01; u4 ¼ u02; k
!
3 ¼ k!
0
1;
k
!
4 ¼ k!
0
2, then we can re-express Eq. (18) as follows,
hT ¼
X4
i¼1
ai cosjiþ
X3
i¼1
X4
j¼iþ1


aiajB
þ
ij cos

jiþjj

þ aiajBij cos

jijj

þ
X4
i¼1
(
a2i
 k!i
4 tanh
 k!ih

2þ 3
sinh2
 k!ih

cosð2jiÞ
)

X4
i¼1
a2i
 k!i
2 sinh

2
 k!ih
ð19Þ
Similarly, we get the velocity potential, fT , of total wave
field as follows,
fT¼
X4
i¼1
(
ai
g
ui
cosh
 k!iðzþhÞ
cosh
 k!ih sinji
)
þ
X4
i¼1
(
a2i
3
8
ui
cosh

2
 k!iðzþhÞ
sinh4
 k!ih sinð2jiÞ
)
þ
X3
i¼1

X4
j¼iþ1
(
aiajA
þ
ij
cosh
 k!iþ k!jðzþhÞ
cosh
 k!iþ k!jh sin

jiþjj

þaiajAij
cosh
 k!i k!jðzþhÞ
cosh
 k!i k!jh sin

jijj
) ð20Þ
Next step, we extend the total wave field composed of two
incident regular wave components and two mirrored wave
components, to the ones consisting of N incident regular wave
components and N corresponding mirrored wave components.
First, the symbol i (i ¼ 1, 2,…, N ) represents the ith incident
wave component and the symbol N þ i indicates the ith
mirrored wave component corresponding to the ith incident
wave component. Then we get the surface wave elevation and
velocity potential of the total wave field as follows,
hT ¼
X2N
i¼1
ai cosjiþ
X2N1
i¼1
X2N
j¼iþ1
n
aiajB
þ
ij cos

jiþjj

þ aiajBij cos

jijj
o
þ
X2N
i¼1
(
a2i
 k!i
4 tanh
 k!ih
 
2þ 3
sinh2
 k!ih
!
cosð2jiÞ
)

X2N
i¼1
a2i
 k!i
2 sinh

2
 k!ih
ð21ÞPlease cite this article in press as: Sun, Y., Zhang, X., A second order analytical
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X2N
i¼1
(
ai
g
ui
cosh
 k!iðzþ hÞ
cosh
 k!ih sin ji
)
þ
X2N
i¼1
(
a2i
3
8
ui
cosh

2
 k!iðzþ hÞ
sinh4
 k!ih sinð2jiÞ
)
þ
X2N1
i¼1

X2N
j¼iþ1
(
aiajA
þ
ij
cosh
 k!iþ k!jðzþ hÞ
cosh
 k!i þ k!jh sin

jiþjj

þ aiajAij
cosh
 k!i k!jðzþ hÞ
cosh
 k!i k!jh sin

jijj
)
ð22Þ
where,
uNþi ¼ ui;
 k!Nþi¼  k!i;mNþiþ mi ¼ p ð23Þ
and
ji ¼ k
!
i$X
!uitþ εi
jNþi ¼ k
!
Nþi$

X
! 2X!1
uNþitþ εi
	
ð24Þ
Specifically, we consider focused wave groups based on
NewWave theory (Tromans et al., 1991) with focal position
x!0 and focal time t0. The amplitude of each wave component
is
ai ¼ A Siðf ÞDfPN
j¼1 Sjðf ÞDf
ð25Þ
where S( f ) is the spectral density for a given frequency f, Df is
the frequency step calculated as Df¼ ( fuefl)/(N1) with fu
and fl being, respectively, the upper and lower limit of a given
frequency bandwidth. A is the linear amplitude of peak crest of
focused wave groups.
In our simulation, the Joint North Sea Wave Project
(JONSWAP) spectrum (Hasselmann et al., 1973) is adopted,
the spectral density of which is described as follows,
Sðf Þ ¼ aH2s T4p f5 exp
h
 1:25Tpf 4icexpðTpf1Þ2ð2s2Þ
ð26Þ
where Hs is the significant wave height, Tp is the peak period
of the JONWAP spectrum and c is the peak lifting factor. The
power density at the peak frequency is larger for larger value
of the peak lifting factor (see Fig. 17). s is the peak shape
parameter, the value of which is defined as,
s¼

0:09 for f  fp
0:07 for f < fp
ð27Þ
where fp ¼ 1/Tp is the peak frequency. a is a coefficient that is
related to the peak lifting factor c as follows,
a¼ 0:0624
0:230þ 0:0336c 0:185=ð1:9þ cÞ ð28Þsolution of focused wave group interacting with a vertical wall, International
.1016/j.ijnaoe.2016.09.002
Wall
Incident waves 
μ
Focused plane
x
o
y x1
(x1,y)
(x0,y0)
Fig. 3. Definition of focused positions for obliquely-incident focused wave
groups interacting with a vertical wall.
Fig. 4. Variation of the maximum crest and trough at the vertical wall with the angl
(b) the normalized maximum trough.
Fig. 5. Variation of the maximum crest and trough of time series of wave forces at
normalized maximum crest and (b): the normalized maximum trough.
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uit0 (i ¼ 1, 2, …, N ), the phase function shown in Eq. (24) is
obtained as follows,
ji ¼ k
!
i$

X
! x!0
uiðt t0Þ
jNþi ¼ k
!
Nþi$

X
! 2X!1
 k!i$ x!0 uiðt t0Þ ð29Þ
Combining Eqs. (21)e(29), we get the surface elevation
and velocity potential of NewWave type focused wave groups
interacting with a semi-infinite vertical wall.
After obtaining the expressions of velocity potential and
surface elevation of nonlinear focused wave groups after
reflection of a vertical wall, the pressure along the vertical wall
can be calculated. Then the force, F, exerted by focused wave
groups on the vertical wall, per unit of distance in the y di-
rection, is obtained by integrating the pressure along the ver-
tical wall. The pressure equation (also called Bernoulli
equation) is given as follows,e of incidence of focused wave groups: (a) the normalized maximum crest and
the vertical wall with the angle of incidence of focused wave groups: (a): the
solution of focused wave group interacting with a vertical wall, International
.1016/j.ijnaoe.2016.09.002
Fig. 6. Time series of wave forces on the vertical wall for different angles of incidence at y¼ 0, (a) m ¼ 0; (b) m¼ p/6. Fð2Þsub and Fð2Þsuper are, respectively, the sub- and
super-harmonics of the second order force terms.
Fig. 7. Variation of the maximum nonlinear crest or trough with wave steepness of incident focused wave groups, (a) the maximum crest (Anc) and (b) the
maximum trough (Ant).
Fig. 8. Variation of the maximum nonlinear crest or trough of wave force time series with wave steepness of incident focused wave groups, (a) the maximum crest
(Fnc) and (b) the maximum trough (Fnt).
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Fig. 9. The nonlinear focused wave group profile and its second order component in time domain at the vertical wall (black line-the nonlinear wave elevation; red
line-the second order sub-harmonics and blue line-the second order super-harmonics). A vertical wall is located at x ¼ 0 and the nonlinear wave group focuses at
t ¼ 0 and x ¼ x0. The time is normalized by peak period Tp and the wave elevation is normalized by twice of the peak wave crest, 2A.
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r
¼gz vf
vt
 1
2
"
vf
vx
2
þ

vf
vy
2
þ

vf
vz
2#
ð30Þ
And the wave force is given as
F ¼
Zh
h
Pðx1;y; z; tÞdz ð31Þ
If we denote (1) and (2) as the first and second order term in
terms of a small perturbation parameter (such as the wave
steepness), then the surface elevation and velocity potential of
the total wave field as shown in Eq. (21) and (22) can be re-
expressed asPlease cite this article in press as: Sun, Y., Zhang, X., A second order analytical
Journal of Naval Architecture and Ocean Engineering (2016), http://dx.doi.org/10hT ¼ hð1Þ þ hð2Þ ð32Þ
fT ¼ fð1Þ þfð2Þ ð33Þ
Similarly, the pressure can be expanded, correct to second
order, as
P¼ Pð0Þ þPð1Þ þPð2Þ ð34Þ
with
Pð0Þ ¼ rgz ð35Þsolution of focused wave group interacting with a vertical wall, International
.1016/j.ijnaoe.2016.09.002
Fig. 10. The characteristics of the crest amplitude for different focal positions,
x0. Crest0, Creste1 and Crestþ1 represent, respectively, the maximum crest and
the crest ahead of and after the maximum crest.
Fig. 11. Transformation of the three largest wave crests.
Fig. 13. Effects of water depth on wave force time series. Fpc, Fac and Fat
represent, respectively, the peak crest, adjacent crest and adjacent trough of
wave force time series.
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+ MODELPð1Þ ¼ rvf
ð1Þ
vt
ð36Þ
Pð2Þ ¼rvf
ð2Þ
vt
1
2
r
"
vfð1Þ
vx
2
þ

vfð1Þ
vy
2
þ

vfð1Þ
vz
2#
ð37ÞFig. 12. Effects of water depth on the surface elevation of nonlinear focused wave g
and trough. Apc, Aac and Aat represent, respectively, the peak crest, adjacent crest
Please cite this article in press as: Sun, Y., Zhang, X., A second order analytical
Journal of Naval Architecture and Ocean Engineering (2016), http://dx.doi.org/10Then the wave force along the vertical wall can also be
divided into the hydrostatic term, the first and second order
term, i.e.
F ¼ Fð0Þ þFð1Þ þFð2Þ ð38Þ
The calculation of the wave force is shown in Appendix A.
4. Results and discussion
In this section, a detailed investigation is made on the
interaction between focused wave groups and a vertical wall
with effects of different parameters considered. Particular
attention will be put to the surface elevation along the vertical
wall and the impact force on the vertical wall. The former one
may provide a preliminary insight into wave run up and
overtopping events, and the latter one is of great significance
in structural design of the seawall.roups interacting with a vertical wall, (a) the peak crest; (b) the adjacent crest
and adjacent trough of the surface elevation.
solution of focused wave group interacting with a vertical wall, International
.1016/j.ijnaoe.2016.09.002
Fig. 14. Surface elevation of focused wave groups at the vertical wall. The water depth is 0.18lP, (a) the case for m ¼ 0 and (b) the case for m ¼ p/4.
Fig. 15. The effects of frequency bandwidth on the focused wave groups that
interact with the vertical wall.
Fig. 16. The effects of frequency bandwidth on the wave forces exerted on the
vertical wall.
Fig. 17. Spectral density for different peak lifting factors (JONSWAP spec-
trum): Hs ¼ 1 m.
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+ MODEL4.1. The effects of the angle of incidenceFor normally incident focused wave groups, the focused
plane (or the peak crest line) is parallel to the vertical wall.
However, for obliquely-incident focused wave groups, there isPlease cite this article in press as: Sun, Y., Zhang, X., A second order analytical
Journal of Naval Architecture and Ocean Engineering (2016), http://dx.doi.org/10an inclination angle between the focused plane and the vertical
wall. The definition of focused positions is shown in Fig. 3.
The focused position is related to the point on the vertical wall
as follows,
x0 ¼ x1 y cosm sinm
y0 ¼ ycos2m
	
ð39Þ
Then we will investigate the effects of the angle of inci-
dence of focused wave groups on the surface elevation, as well
as wave forces on the vertical wall. Parameters of focused
wave groups are summarized in Table 1. For normally-incident
focused wave groups (m ¼ 0), the focused position is set at the
vertical wall. And for obliquely-incident focused wave groups,
without loss of generality, the intersection between the vertical
wall and the focused plane is on the plane y ¼ 0.
The effects of angles of incidence of focused wave groups
on surface elevation are given in Fig. 4. It is clear that the
linear theory (the first order term) underestimates the crest and
overestimates the trough. At y ¼ 0, although the linear
maximum crest stays unchanged for different angles of inci-
dence, the nonlinear maximum crest decreases slightly with
the increase of the angle of incidence. However, there is a
slight rise for the angle changing from p/4 to p/3. This trendsolution of focused wave group interacting with a vertical wall, International
.1016/j.ijnaoe.2016.09.002
Table 1
Parameters of focused wave groups used for considering effects of angles of incidence.
Frequency brandwidth,
flefu (Hz)
Number of wave
components, N
Water depth,
h, (m)
Peak lifting
factor, c
Peak wave number,
kp (m
1)
Peak crest,
A (m)
Wave steepness,
Akp
0.6e1.06 29 0.5 3.3 3 0.05 0.15
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is caused by the second order nonlinear effects of waveewave
and wave structure interaction. The nonlinear maximum crest
at y ¼ ±lP is smaller than that at y ¼ 0, the difference of which
becomes larger for larger angle of incidence. A possible
explanation of this phenomenon is that the distance between
the point at the vertical wall and the corresponding focused
position is larger for larger value of angle of incidence. In
contrast to crest, the maximum trough of surface elevation first
increases and then reduces with the angle of incidence. The
trough at y ¼ ±lP (lP is the peak wave length corresponding to
the peak period) is deeper than that at y ¼ 0.
Fig. 5 shows the first and second order terms of wave forces
exerted on the vertical wall for different angles of incidence.
The linear theory (the first order term) overestimates the crest
and underestimates the trough of the time series of hydrody-
namic forces on the vertical wall. The nonlinear maximum
crest rises with the angle of incidence while the trough shows
an opposite trend. This is due to the second order effects. For
the purpose of illustration, the time series of wave forces
(including the first order term and the second order sub- and
super-harmonics) for angles of incidence being 0 and p/6 are
given in Fig. 6. The sub-harmonics is almost the same for two
angles of incidence. However, the super-harmonics has a
larger amplitude of trough at m ¼ 0 than at m ¼ p/6. Thus the
nonlinear wave force at m ¼ 0 has a smaller crest and a larger
trough than that at m ¼ p/6. Finally, it is interesting to note
that for obliquely-incident focused wave groups, the maximum
crest of wave force is less sensitive to the position at the
vertical wall than the maximum trough.4.2. The effects of wave steepness of incident focused
wave groupsIn this section, a detailed investigation is put on the effects
of wave steepness on the largest crest and trough of wave
groups, as well as wave forces. The parameters of focused
wave groups with different wave steepness are given in Table
2. Two angles of incidence are chosen: m ¼ 0 and m ¼ p/4.
The position is at y ¼ 0 of the vertical wall. It can be seen
from Fig. 7 that both the normalized largest crest and trough
vary at a uniform rate with wave steepness, which is consistent
with the second order assumption. By fitting the data usingTable 2
Parameters of focused wave groups of different wave steepness.
Frequency brandwidth,
flefu (Hz)
Number of wave
components, N
Water depth,
h, (m)
Peak
facto
0.6e1.06 29 0.5 3.3
Please cite this article in press as: Sun, Y., Zhang, X., A second order analytical
Journal of Naval Architecture and Ocean Engineering (2016), http://dx.doi.org/10least square method, we get two equations, i.e. Eqs. (40) and
(41). The rate of variation of the largest crest (0.92 for
m ¼ 0) is larger than that of the largest trough (0.80 for m ¼ 0),
which indicates that the crest is more sensitive to the nonlinear
effects than the trough. By comparing Eqs. (40) and (41), we
find that the increase of angles of incidence causes both the
largest crest and trough to be less sensitive to the second order
effects.
As can be seen form Fig. 8, the normalized maximum crest
or trough of wave force time series also varies at a uniform
rate with wave steepness, but reduces as the wave steepness
increases. The crest or trough is more influenced by the second
order nonlinear effects at m ¼ 0 than at m ¼ p/4. Fitting ex-
pressions by the least square method are given in Eqs. (42) and
(43).
m¼ 0 :
8><
>:
Anc
2A
¼ 1þ 0:92AkP
Ant
2A
¼0:94þ 0:80AkP
ð40Þ
m¼ p
4
:
8><
>:
Anc
2A
¼ 1þ 0:67AkP
Ant
2A
¼0:94þ 0:58AkP
ð41Þ
m¼ 0 :
8>><
>>:
Fnc
ð0:5rgh2ðAkPÞ ¼ 1:572 4:856AkP
Fnt
ð0:5rgh2ðAkPÞ ¼ 1:471 4:264AkP
ð42Þ
m¼ p
4
:
8>><
>>:
Fnc
ð0:5rgh2ðAkPÞ ¼ 1:566 3:611AkP
Fnt
ð0:5rgh2ðAkPÞ ¼ 1:473 3:220AkP
ð43Þ4.3. The effects of focal positions on the evolution of
focused wave groups interacting with a vertical wallIn this section, the effects of focal positions on the evolu-
tion of focused wave groups that interact with a vertical walllifting
r, c
Peak wavelength,
kp (m)
Peak crest,
A (m)
Wave steepness,
Akp
3 0.01e0.08 0.03e0.24
solution of focused wave group interacting with a vertical wall, International
.1016/j.ijnaoe.2016.09.002
Table 3
Parameters of focused wave groups used for considering effects of focal positions.
Frequency brandwidth,
flefu (Hz)
Number of wave
components, N
Water depth,
h, (m)
Peak lifting
factor, c
Peak wavelength,
kp (m)
Peak crest,
A (m)
Wave steepness,
Akp
0.6e1.06 29 0.5 3.3 3 0.08 0.24
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+ MODELare investigated. Only normally-incident waves are consid-
ered. The parameters of focused wave groups are given in
Table 3. Fig. 9 shows the wave elevation (including nonlinear
elevation and sub- and super-harmonics of the second order
terms) at the vertical wall for different focal positions. It can
be found that for the case x0/lP ¼ 0, i.e. wave groups focussing
at the vertical wall, the main features of focused wave groups
are maintained. The wave elevation reaches its maximum at
the focal time t0 ¼ 0 and presents symmetric shapes before
and after t0 ¼ 0. When the focal position of wave groups is set
at any point in front of the wall, the wave elevation at the
vertical wall is no longer symmetric around the maximum
crest. The adjacent crest ahead of the maximum one may be
larger or smaller than that after the maximum one, which
depends on the focal positions. As indicated by Fig. 11, Crest0
and Crest±i (i ¼ 1, 2,…) represent, respectively the largest
crest and adjacent crests.
A detailed investigation of variation of the maximum crest
and its adjacent crests with respect to focal positions is shown
in Fig. 10. With the increase of the distance of focal positions
from the vertical wall, the maximum crest, although fluctu-
ating, gradually decreases. The normalized crest amplitude at
the vertical wall is 1.22 for x0/lP ¼ 0. However, this value
decreases to be 0.92 for x0/lP ¼ 6. It can also be found from
Fig. 10 that the variation of focal positions has great effects on
adjacent crests. With focal positions deviating from the ver-
tical wall, the adjacent crest at the left side starts to decrease
and the right one increases. Then at x0/lP ¼ 0.8, the first
transformation of three largest crests occurs (see Fig. 11), i.e.
the previous three crests including Crest0, Crestþ1 and Crestþ2
are, respectively, transformed into the current three wave
crests e Crest1, Crest0 and Crestþ1. As a result, the adjacent
crest at the left side of the maximum crest becomes larger than
that at the right side. With the distance of focal positions from
the vertical wall continuing to increase, the amplitude of
Crest1 decreases and Crestþ1 increases. Then two adjacent
crests at the opposite sides of the maximum crest are almost
equal to each other at x0/lP ¼ 1.6, followed by which
Crest1 continues to decrease and becomes smaller than
Crestþ1. At x0/lP ¼ 2.4, there is a new transformation, after
which similar variation of Crest1 and Crestþ1 occurs as
before. Summarily, the transformation of the largest three
crests (shown in Fig. 11) occurs at some specific positions in
front of the vertical wall, which satisfiesTable 4
Parameters of focused wave groups of different water depth.
Frequency brandwidth,
flefu (Hz)
Number of wave
components, N
Water depth,
h, (m)
Peak
facto
0.6e1.06 29 0.34e2.1 3.3
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lp ¼ð2kþ 1Þ  0:8;k ¼ 0;1;2;… ð44Þ
And in one transformation circle, the amplitude of Crest1
can be larger or smaller than that of Crestþ1, depending on the
following critical focused position,
x0

lp ¼2k 0:8;k ¼ 0;1;2;… ð45Þ
If the distance of focal positions from the vertical wall is
smaller than that of the critical point, Crest1 is larger than
Crestþ1. Otherwise, the amplitude of the former is smaller
than that of the latter. The difference of the amplitude between
two adjacent crests at both sides of the maximum crest be-
comes smaller at the critical point as the focal position is far
away from the vertical wall.4.4. The effects of water depthThe effects of water depth on the interaction between
focused wave groups and a vertical wall are studied in this
section. Parameters of focused wave groups used here are
given in Table 4. Results of surface elevation and wave force
time series are shown in Figs. 12 and 13, respectively. It
should be noted that the second order theory cannot be applied
to extremely shallow water depth as unphysical “bumps” will
be formed in the wave trough due to the second order terms.
So the smallest water depth considered here (no obvious
bumps in the wave trough) is h ¼ 0.16lP.
It can be seen From Fig. 12 that the variation of surface
profile with respect to water depth for m ¼ 0 is similar to that
for m ¼ p/4. For deep water conditions (h/lP > 0.5), the
surface elevation profile keeps almost unchanged for different
water depth. When the normalized water depth is less than 0.5
(finite water depth), the amplitude of peak crest increases with
the decrease of water depth. However, the adjacent crest de-
creases for shallower water depth. This indicates that shallow
water effects will lead to more energy transferred from sur-
rounding waves to the central wave. For wave trough, there is
a slight increase for normalized water depth reducing from 1.0
to 0.3, followed by which an increase occurs for shallower
water depth (from 0.3 to 0.16). An illustration of wave profiles
for h ¼ 0.18lP (including both linear term and sub- and super-
harmonics of the second order term) is given in Fig. 14.
As shown in Fig. 13, with the decrease of water depth, the
peak crest, adjacent crest and adjacent trough of wave forcelifting
r, c
Peak wavelength,
kp (m)
Peak crest,
A (m)
Wave steepness,
Akp
3 0.05 0.15
solution of focused wave group interacting with a vertical wall, International
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crest and adjacent crest. The effect of angles of incidence on
peak crest, adjacent crest and adjacent trough is relatively
noticeable in intermediate water depth.4.5. The effects of frequency bandwidth on the evolution
of focused wave groups interacting with the vertical wallFig. 18. Effects of peak lifting factors on the surface profile of focused wave
groups interacting with a vertical wall.In this section, effects of frequency bandwidth (i.e. fuefl)
on the interaction between focused wave groups and a vertical
wall are investigated. The parameters for wave groups with
different frequency bandwidth are shown in Table 5. The peak
frequency of JONSWAP spectrum is kept unchanged. The
frequency interval, i.e. Df¼ ( fuefl)/N, is nearly identical for
five cases. The focal position of wave groups is set at the
vertical wall for all cases.
For focused wave groups interacting with a vertical wall,
the peak crest of wave elevation varies little with the frequency
bandwidth (Fig. 15). However, both the adjacent crest and the
trough reduce with the increase of frequency bandwidths. And
the former decreases at a higher rate than the latter (the
decreasing rate is almost uniform). Besides, it seems that the
angle of incidence has no significant effects on the decreasing
rate.
Similarly shown in Fig. 16, the crest of wave force time
series is not much influenced by the frequency bandwidth
while the trough reduces at a nearly uniform rate with the
increase of frequency bandwidth.4.6. The effects of the peak lifting factor cIn this section, the effects of the peak lifting factor of
JONSWAP spectrum on the interaction between focused wave
groups and a vertical wall are investigated. Parameters for
incident focused wave groups are shown in Table 6. The
spectral density for different peak lifting factors is shown in
Fig. 17. The peak value of spectral density is higher for largerTable 5
Parameters of focused wave groups of different frequency bandwidth.
Case Frequency brandwidth,
flefu (Hz)
Number of wave
components, N
Water depth,
h, (m)
1 0.76e0.9 9 0.5
2 0.7e0.96 16 0.5
3 0.6e1.06 29 0.5
4 0.5e1.16 40 0.5
5 0.4e1.26 54 0.5
6 0.3e1.36 68 0.5
Table 6
Parameters of focused wave groups of different peak lifting factor.
Frequency brandwidth,
flefu (Hz)
Number of wave
components, N
Water depth,
h, (m)
Peak
facto
0.6e1.06 29 0.5 1e5
Please cite this article in press as: Sun, Y., Zhang, X., A second order analytical
Journal of Naval Architecture and Ocean Engineering (2016), http://dx.doi.org/10values of peak lifting factors. It can be seen from Fig. 18 that
the variation of peak lifting factors has little influences on the
peak crest and adjacent trough of focused wave groups.
However, with the increase of the peak lifting factor, the
adjacent crest increases. This phenomenon may be better un-
derstood for limited conditions where c approaches to infinity.
In such conditions, much of the spectral energy is concentrated
on the peak frequency, which is similar to a regular (mono-
chromatic) wave. As a result, the adjacent crest is larger for
larger value of peak lifting factors. As shown in Fig. 19, the
peak crest of wave force time series is also insensitive to the
peak lifting factor. For the trough, there is a slight increase
with the increase of the peak lifting factor.
5. Conclusions
In the present work, the interaction of nonlinear focused
wave groups with a vertical wall is investigated based on the
second order potential theory. The NewWave theory, whichPeak lifting
factor, c
Peak wavelength,
kp (m)
Peak crest,
A (m)
Wave steepness,
Akp
3.3 3 0.08 0.24
3.3 3 0.08 0.24
3.3 3 0.08 0.24
3.3 3 0.08 0.24
3.3 3 0.08 0.24
3.3 3 0.08 0.24
lifting
r, c
Peak wave number,
kp (m
1)
Peak crest,
A (m)
Wave steepness,
Akp
3 0.08 0.24
solution of focused wave group interacting with a vertical wall, International
.1016/j.ijnaoe.2016.09.002
Fig. 19. Effects of peak lifting factors on wave forces exerted on the vertical
wall.
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+ MODELrepresents the most probable surface elevation under a large
crest, is adopted. The analytical solutions to the surface
elevation and velocity potential are derived for focused wave
groups interacting with a vertical wall. Also wave forces
exerted by focused wave groups on the vertical wall are ob-
tained, up to second order. After that, a parametric study is
made on the interaction between focused wave groups and a
vertical wall by considering the effects of angles of incidence,
wave steepness, focal positions, water depth, frequency
bandwidth and peak lifting factors. Some conclusions are
drawn as follows.
1. The peak crest (trough) of surface profiles first decreases
(increases) and then increases (decreases) with the in-
crease of angles of incidence. However, the crest (trough)
of wave forces rises (reduces) with angles of incidence.
2. As opposed to wave elevation, the peak crest (trough) of
wave force time series reduces (increases) with the in-
crease of wave steepness.
3. Empirical expressions are given for variation of surface
profiles and wave forces with respect to wave steepness.
The peak crest are more sensitive to wave steepness than
the adjacent trough. The effects of wave steepness are
more significant for smaller angles of incidence.
4. With the increase of the distance of the focal position from
the vertical wall, the largest crest of surface elevation,
although fluctuates, decreases gradually.
5. For surface elevation, with the reduction of water depth,
the peak crest increases while the adjacent crest decreases.
The adjacent trough first slightly increases and then de-
creases for shallower water depth. For wave force profile,
both the peak crest and adjacent trough becomes larger for
shallower water depth.
6. For focused wave groups interacting with a vertical wall,
the frequency bandwidth has little influences on the peak
crest of surface elevation or wave forces. However, bothPlease cite this article in press as: Sun, Y., Zhang, X., A second order analytical
Journal of Naval Architecture and Ocean Engineering (2016), http://dx.doi.org/10the adjacent crest and trough become smaller for larger
frequency bandwidth.
7. Both the peak crest and adjacent trough of surface eleva-
tion and wave forces are insensitive to the variation of the
peak lifting factor. However, the adjacent crest will in-
crease with the increase of the peak lifting factor.Acknowledgement
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Substituting Eqs. (32), (35)e(37) into Eq. (31), we get
F ¼
Zh
h

Pð0Þ þPð1Þ þPð2Þdz
¼
Z0
h

Pð0Þ þPð1Þ þPð2Þdzþ Z
h
0

Pð0Þ þPð1Þ þPð2Þdz
ðA1Þ
The hydrostatic force, Fð0Þ, is calculated as
Fð0Þ ¼
Z0
h
Pð0Þdz¼
Z0
h
rgzdz¼ 1
2
rgh2 ðA2Þ
The first order term of the force, Fð1Þ, is obtained by
Fð1Þ ¼
Z0
h
Pð1Þdz¼r
Z0
h
vfð1Þ
vt
dz
¼ rg
X2N
i¼1
"
ai k!i tanh
 k!ihcos ji
#
ðA3Þ
The second order term of the force, Fð2Þ, is calculated using
the following expression,
Fð2Þ ¼
Z0
h
Pð2Þdzþ
Zhð1Þþhð2Þ
0

Pð0Þ þPð1Þdz ðA4Þ
It should be noted that the first component at the right hand
side (RHS) of Eq. (A4) is a second order term. However, the
second component at RHS of Eq. (A4) includes both second
and higher order terms. As a result, the higher order terms
should be removed after calculation of the integration for the
second component.solution of focused wave group interacting with a vertical wall, International
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Z0
h
Pð2Þdz¼
Z0
h
(
 rvf
ð2Þ
vt
 1
2
r
"
vfð1Þ
vx
2
þ

vfð1Þ
vy
2
þ

vfð1Þ
vz
2#)
dz
¼ r
Z0
h
X2N
i¼1

3
4
a2iu
2
i
cosh

2
 k!iðzþ hÞ
sinh4
 k!ih cosð2jiÞ
	
dz
þ r
Z0
h
P2N1
i¼1
P2N
j¼iþ1

aiajA
þ
ij

uiþuj
cosh k!iþ k!jðzþ hÞ
cosh
 k!iþ k!jh cos

jiþjj

þaiajAij

uiuj
cosh k!i k!jðzþ hÞ
cosh
 k!i  k!jh cos

jijj
	 dz
 1
2
r
Z0
h
(X2N
i¼1
 
ai
g
ui
 k!icos micosh
 k!iðzþ hÞ
cosh
 k!ih cos ji
!)2
dz
 1
2
r
Z0
h
(X2N
i¼1
 
ai
g
ui
 k!isin micosh
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cosh
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!)2
dz
 1
2
r
Z0
h
(X2N
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ui
 k!i sinh
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cosh
 k!ih sin ji
!)2
dz ðA5Þ
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+ MODELThe final results of each term in the RHS of Eq. (A5) are
given as follows.
a) the first term:Ple
Jour
X2N
i¼1
(
3
8
a2iui
1 k!i
sinh

2
 k!ih
sinh4
 k!ih cosð2jiÞ
)
ðA6Þb) the second term:
r
X2N1
i¼1
X2N
j¼iþ1

aiajA
þ
ij

uiþuj
 1 k!iþ k!j tanh
 k!i
þ k!j
hcosjiþjj

þ aiajAij

uiuj
 1 k!i k!j
tanh
 k!i  k!jhcosjijj
	
ðA7Þ
It should be noted that there are two limiting cases for the
second term where the angle of incidence is 0 or p/2. For the
case that the angle of incidence is 0,
 k!i þ k!iþN  ¼ 0(i ¼ 1,
2, …, N ). Similarly, for angle of incidence being p/2, k!i  k!iþN  ¼ 0(i ¼ 1, 2, …, N ). When  k!i þ k!j ap-
proaches to 0, tanhð k!i þ k!jhÞ approaches to  k!i þ k!jh.
As a result, the ratio 1
j k!iþ k!jj
tanhð k!i þ k!jhÞ approaches toase cite this article in press as: Sun, Y., Zhang, X., A second order analytical
rnal of Naval Architecture and Ocean Engineering (2016), http://dx.doi.org/10h. Also we can obtain that 1
j k!i k!jj
tanhð k!i  k!jhÞ ap-
proaches to h as
 k!i  k!j approaches to 0.
c) the third term:
For the case in which isj and ji j jsN, the value of the
third term in the RHS of Eq. (A5) is given as
r
X2N1
i¼1
X2N
j¼iþ1;jsiþN
(
aiajg
2
 k!i k!j
uiuj
cosmi cosmj cosji cosjj

  k!i k!i2 k!j2 tanh
 k!ihþ
 k!j k!j2 k!i2 tanh
 k!jh
!)
ðA8Þ
For the case where i ¼ j , the value of the third term in the
RHS of Eq. (A5) is shown as
 1
2
r
X2N
i¼1
(
a2i g
2
 k!i2
u2i
cos2mi cos
2ji
1
cosh2
 k!ih

1
2
h
þ 1
2
 k!icosh
 k!ihsinh k!ih
)
ðA9Þ
For the case where ji j j ¼ N, the value of the third term
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+ MODEL r
XN
i¼1
(
aiaiþNg2
 k!i k!iþN
uiuiþN
cos mi cos miþN cos ji
 cos jiþN
1
cosh
 k!ihcosh k!iþNh

1
2
hþ 1
2
 k!i
 cosh k!ihsinh k!ih
)
ðA10Þ
d) the fourth termr P2N1
i¼1
P2N
j¼iþ1;jsiþN
(
aiajg
2
 k!i k!j
uiuj
sin mi sin mj cos ji cos jj
  k!i2
1
2
r
X2N
i¼1
(
a2i g
2
 k!i2
u2i
sin2mi cos
2ji
1
cosh2
 k!ih

1
2
hþ 1
2
 k!icosh
 k!
rPN
i¼1
(
aiaiþNg
2
 k!i k!iþN
uiuiþN
sin mi sin miþN cos ji cos jiþN
cosh
 k!
r P2N1
i¼1
P2N
j¼iþ1;jsiþN
(
aiajg
2
 k!i k!j
uiuj
sin ji sin jj
  k!i k!i2   k!j2 tanh
1
2
r
X2N
i¼1
(
a2i g
2
 k!i2
u2i
sin2ji
1
cosh2
 k!ih

1
2
 k!i cosh
 k!ihsinh k!
rPN
i¼1
(
aiaiþNg
2
 k!i k!iþN
uiuiþN
sin ji sin jiþN
1
cosh
 k!ihcosh k!iþN
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similar as that of the third term and the results are given as
follows,k
!
i

  k!j2 tanh
 k!ihþ
 k!j k!j2  k!i2 tanh
 k!jh
!)
i
hsinh k!ih
)
1
i
hcosh k!iþNh

1
2
hþ 1
2
 k!icosh
 k!ihsinh k!ih
	
ðA11Þe) the fifth term
The values of the fifth term in the RHS of Eq. (A5) is given
as follows, k!jhþ
 k!j k!j2  k!i2 tanh
 k!ih
!)
i
h 1
2
h
)
h

1
2
 k!i cosh
 k!ihsinh k!ih 1
2
h
	
ðA12Þ
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+ MODELNext we will calculate the value of the integration,Z hð1Þþhð2Þ
0
ðPð0Þ þ Pð1ÞÞdz, correct to second order.
Zhð1Þþhð2Þ
0
Pð0Þdz¼
Zhð1Þþhð2Þ
0
rgzdz¼1
2
rg

hð1Þ þ hð2Þ2
¼1
2
rg

hð1Þ
2
þ terms higher than sec ond order
¼1
2
rg
 X2N
i¼1
ai cosji
!2
þ terms higher than sec ond order ðA13Þ
Zhð1Þþhð2Þ
0
Pð1Þdz¼r
Zhð1Þþhð2Þ
0
vfð1Þ
vt
dz
¼ rg
Zhð1Þþhð2Þ
0
X2N
i¼1
"
ai
cosh
 k!iðzþ hÞ
cosh
 k!ih cos ji
#
dz
¼ rg
X2N
i¼1
(
ai k!icosh k!ih
 k!ihð1Þ cos ji
)
þ terms higher than sec ond order
ðA14Þ
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